Abstract. This paper studies the dispersion of acoustic waves in fluid media
INTRODUCTION
It is well known that analytical solutions to the governing equation of motion for any mechanical wave exist for just the simplest cases and only approximate solutions are feasible for the others. One method for obtaining approximate solutions is to use numerical procedures which often introduce phenomena, such as the numerical dispersion, that are not present in the physical system [1, 2] .
The dispersion of acoustic waves in fluid media discretized by the finite element method is the principal topic of research in this paper. The fluid is assumed to be inviscid, compressible and homogeneous; moreover, the fluid particles oscillate in the absence of gravity and no ambient flow with small magnitude movements. The pressure and density of the fluid also undergo small perturbations respect to the ambient quantities. The resulting waves are termed linear acoustic waves. A short review of the basic theory of linear acoustic waves and the proper finite element formulation is a prerequisite in order to facilitate the subsequent developments.
Basic theory of linear acoustic waves
We consider linear acoustic waves in a fluid domain Ω with a complementary solid domain Ωs and the surface Γ representing the closed boundary of Ω and Ωs. The propagation of linear acoustic waves is described by the equation obtained by the linearization of the continuum mechanics equations of the ideal fluid [3] where: p, small perturbation of pressure or acoustic pressure; ρ, density of the fluid in the absence of acoustic wave; c, adiabatic sound velocity; t, time coordinate.
In a homogeneous medium the last term in Eq. (1) vanishes and Eq. (1) reduces to the wave equation To complete a solution, the differential equation Eq. (4) requires specifying boundary conditions. Neumann boundary conditions can be assumed [4] ,      r r r ), ( ) ( ; n, normal unit vector pointing outwards of Ω. Dirichlet boundary conditions ) ( ) ( 0 r r p p  also can be assumed. In addition to fulfill the Helmholtz equation and the boundary conditions, solutions to scattering and radiation problems in unbounded media require that both the diffracted and radiated waves fulfill the decay condition at infinity, or Sommerfeld radiation condition [5] . In a finite computational domain different artificial boundary conditions have been proposed in order to fulfill this condition [6] .
The linear acoustic waves in a homogeneous medium can be alternatively characterized by the acoustic displacement potential [3] , determined by the expression
where: u, small displacement of the fluid particles; , potential of displacement.
The relation between displacement potential and acoustic pressure will be
From Eq. (7), for time-harmonic acoustic waves, the relation between the complex amplitudes of acoustic pressure and displacement potential will be
Finite element formulation
The boundary value problem Eq. (4) and (5) is posed in variational form [4] 
The variational form Eq. (9) In this case it is said that the element stiffness matrix is decomposed in energyorthogonal form [7] . The concept of energy-orthogonal stiffness matrix regarded in this paper was explicitly introduced in the context of the linear elasticity by Bergan and Nygärd within the framework of the Free Formulation [8] , and by Felippa within the framework of the Parametrized Variational Principles [9] .
The decomposition in Eq. (14) holds for the complete model whenever 
Inserting Eq. (15) into Eq. (13), we obtain the basic and higher order acoustic kinetic energies of the finite element assemblage.
Stationary waves
For a stationary wave, the amplitude of the acoustic pressure is a real-valued function. Then, from Eq. (13), the period-averaged acoustic kinetic energy of the fluid for the discretized domain will be
where:
, dimensionless time; p , column matrix containing the real nodal amplitudes of the acoustic pressure.
Scope of research
In this paper the dispersion properties and the density of period-averaged kinetic energy are computed for plane harmonic waves in unbounded media discretized by regular meshes of energy-orthogonal finite elements. Given the mesh, in the limit of long wavelength, although the kinetic energy density does not vanish, its higher order component does vanish. Similarly, given the wavelength, as the solution converges on account of mesh refinement, the kinetic energy density is increasingly dominated by its basic component. The above heuristic argument motivates to research the relationship between the higher order kinetic energy and the discretization error in order to explore the behaviour of this energy component as an error indicator. To be precise, by the dispersion analysis, a correlation between the percentage of higher order kinetic energy and the kinetic energy error will be yielded. The use of this correlation as a reference to apply the higher order kinetic energy as an error indicator for the acoustic modes computed by the finite element method will be explored. A similar correlation has been proposed for linear gravity waves in fluid media [10] . Arguments to support the higher order energy as an error indicator have been established in the context of the linear elasticity [9] .
DISPERSION ANALYSIS

Characteristic equations
The unbounded fluid domain is discretized by a regular mesh of finite elements. Three different isoparametric finite elements are considered: the hexahedron with twenty nodes and brick geometry HE20, Fig. 1 , the pentahedron with fifteen nodes and right prismatic isosceles geometry PE15, Fig. 2 , and the tetrahedron with ten nodes TE10. The mesh with TE10 elements is formed by dividing the unbounded domain in bricks with twenty seven nodes and then dividing each brick into six tetrahedrons [11] , Fig. 3 . The nodal lattice formed by the finite element assemblage has four, five and eight nodes per unit cell, respectively. Different meshes with the same element volume are yielded by selecting the aspect ratio parameter, where 0 <  ≤ 1; additionally, for the HE20 and TE10 meshes, the skew angle also can be selected, where 0 ≤ β < 90º. The finite element analysis will be performed by using the rectangular coordinate system XYZ.
For an uniform plane harmonic wave propagating in the unbounded fluid domain,
where: A, wave amplitude; n, wave normal, unit vector indicating the direction of wave propagation;
, wave number; , wavelength. The wave normal has the components, Fig. 4 ,
where: ϕ, 0 ≤ ϕ ≤ 180º, azimuthal angle; θ, 0 ≤ θ ≤ 180º, polar angle. For the plane acoustic wave Eq. (17) the density of period-averaged kinetic energy can be computed by the equation [12] 
The characteristic equations can be found assuming harmonic waves Eq. (17) with different amplitudes in each node of the unit cell, 20) where: N, number of nodes per unit cell. Inserting the solutions Eq. (20) into the homogeneous part of Eq. (10), the characteristic equation for each node of the unit cell is yielded by equilibrium of generalized nodal forces [13] . A homogeneous system of N algebraic equations is formed,
where: m, dimensionless wave number, 0 < m < 1; b, half of the element size;  , dimensionless frequency of the discretized fluid domain; ) ,
form parameters for HE20 and TE10 meshes, or ) (  ε form parameter for PE15 mesh.
Dispersion equations
The system of homogeneous algebraic equations given in Eq. (21) has a non-trivial solution only if the matrix Z is singular; that is,
From Eq. (24) It is an important fact that the N zeroes of a polynomial of degree N  1 with complex coefficients depend continuously upon the coefficients [14] . Thus, sufficiently small changes in the coefficients of a polynomial can lead only to small changes in any zero. However, if the zeros are numerically computed, there is no simple way to define a function which takes the N coefficients (all but the leading 1) of a monic polynomial of degree N to the N zeroes of the polynomial, since there is no natural way to define an ordering among the N zeroes. In the case of the HE20 mesh, for which the polynomial Eq. (25) is quartic, the above difficulty has been overcome by computing the zeroes in closed form as functions of its coefficients. Then, the components
or, alternatively,
will be continuous functions precisely defined. (21), the wave amplitudes corresponding to the nodes of the unit cell for the HE20 mesh are yielded for each dispersion equation. In this work, each set of linear algebraic equations is numerically solved by using the singular value decomposition method SVD [15] .
To find the zeros of a polynomial equation as functions of its coefficients beyond the quartic equation is a very difficult mathematical problem [16] . Then, for the meshes PE15 and TE10 which have five and eight nodes per unit cell, respectively, if the zeros of Eq. (25) are numerically computed, the above mentioned ordering difficulty could be a problem. In this case, by considering the initial condition,
we propose to compute the first dispersion equation by a reduced unit cell obtained by a procedure of exact dynamic condensation [17] .
Assume that the total nodes at the unit cell are categorized as master nodes (m) and slave nodes (s), where the number of master nodes is four, and the number of slave nodes is one and four for P15 and TE10 meshes, respectively, see Fig. 2 
The relation of wave amplitudes between the master and slave nodes may be obtained from Eq. (29) as
Then, by back-substituting, the system of characteristic equations of the reduced unit cell is obtained as 
Then, from Eq. (32), the reduced form of the characteristic frequency equation is obtained . 
Do for
1 0   m ,
End do
The range of dimensionless wave number values where each dispersion equation represents the propagation of acoustic waves in the discretized medium will be called the acoustical branch of the dispersion equation. In order to determine the acoustical branches, a preliminary constraint condition over the dimension of the null space of Z for the H20 mesh, or Z R for PE15 and TE10 meshes, must be imposed,
The constraint condition Eq. (35) implies that the subspace of solutions to Eq. (21) or Eq. (32) must be one-dimensional. In this case the vector of wave amplitudes A or A m is arbitrary to the extent that a scalar multiple of it is also a solution. Then the following constraint conditions are imposed, 
It can be proven that for general periodic motion the energy propagates with the group velocity [19] ; therefore, the constraint condition Eq. (40) imposes that the energy propagates into the wave direction. From this point, for each dispersion equation only the acoustical branch will be considered. This one represents the physically admissible solution for mechanical wave propagation.
It must be recall that the group velocity of the continuum will be equal to the phase velocity because the waves propagate non-dispersively. Nevertheless, for the dispersive discretized medium the group velocity will be different from the phase velocity; therefore, the velocity of energy transport will be different from the phase velocity. As a consequence, when we consider the numerical dispersion associated with the finite element spatial discretization, not only the effect over the phase velocity must be analyzed but also the effect over the group velocity or velocity of energy transport.
Kinetic energy at the unit cell
For a fluid domain discretized by a regular mesh of finite elements, the stiffness matrix can be expressed in the suitable form
. Then, from Eq. (13) and (23), the kinetic energy at the unit cell over a period will be 
These indicators consider the effect of the spatial discretization over the wave velocity and the velocity of energy transport, respectively.
From Eq. (42) and (19) , the indicator of kinetic energy error associated with spatial discretization that is introduced by the finite element model is defined as
Alternatively, the percentage of kinetic energy error can be defined as
Numerical research
Three different meshes having the same element volume will be considered for each of the analyzed elements. Specifically, for HE20 and TE10 elements, For the mesh HE20-Q3, the indicator of dispersion Eq. (45) is plotted in Fig. 5 . Given the azimuthal angle ϕ, three values of the polar angle θ are considered in order to represent the anisotropy induced by the spatial discretization. The numerical dispersion is clearly displayed as the dimensionless wave number increases. A discontinuity in phase velocity is observed around m = 1/2 for θ = 0º. In this case the discretized fluid domain acts like a band-pass filter [13] . This discontinuity was already described by Brillouin [18] for lattices consisting of different particles.
For the mesh Q1 and a selected direction of wave propagation the indicators Eq. (47) and Eq. (44) are plotted versus dimensionless wave number for each of the considered elements, Fig. 6 and 7 . It is observed that the kinetic energy error vanishes both as the mesh is refined and in the limit of long wavelength, as it is expected. Similarly, the density of higher order kinetic energy also vanishes both as the mesh is refined and in the limit of long wavelength. This latter behaviour also is expected because the acoustic pressure field inside each element becomes uniform. As a conclusion, the dispersion analysis reveals that the higher order kinetic energy behaves as an error indicator. In order to explore the behaviour of the higher order kinetic energy as an error indicator, a correlation between the percentage of higher order kinetic energy and the kinetic energy error is pursued. As a first step, from Eq. (44) and (48), a mapping that associates a value of percentage of kinetic energy error to each value of percentage of higher order kinetic energy is defined,
For the mesh Q1 and a selected direction of wave propagation the mapping Eq. (49) is plotted in Fig. 8 for each of the considered elements. It is observed that in each case, and for moderate values of percentage of higher order kinetic energy, this mapping could be approximated by the following cubic correlation, As a second step, for each of the considered elements, two values of percentage of higher order kinetic energy Eq. (44) (51) to (53), the first and the second reference dimensionless wave number are defined for each of the considered elements,
As a third step, from Eq. (48) and (54), and from Eq. (48) and (55), the first and the second reference values of percentage of kinetic energy error are defined,
Similar reference values can be defined for the indicator of dispersion associated with the group velocity,
For the element TE10 and the mesh Q3, Eq. (55), (57) and (59) As a fourth step, for each of the considered elements, the root-mean-square value and the maximum absolute value of Eq. (56) and (57) As a last step, for each of the considered elements, we propose to apply the cubic correlation Eq. (50) to define a mapping that associates a standard value of percentage of kinetic energy error to each value of percentage of higher order kinetic energy. The coefficients A and B are solved using the averaging of root-mean-square values computed for Eq. (56) and (57), Tables 1 to 3 In Fig. 12 the standard correlations Eq. (60) to (62) are displayed. In each case the interval of application can be moderately extended beyond the upper limit of percentage of higher order kinetic energy used to compute the coefficients A and B. It is observed that the correlation between standard percentage of kinetic energy error and percentage of higher order kinetic energy is highly dependent of the considered element. The correlation for PE15 element is between the ones for TE10 and HE20 elements, as it could be expected. Also, for each of the considered elements, we propose to apply a quadratic correlation to define a mapping that associates a mean value of dimensionless wave number to each value of percentage of higher order kinetic energy, The coefficients A and B are solved using the averaging of mean dimensionless wave number computed for Eq. (54) and (55), Tables 1 to 3. The correlation Eq. (63) is displayed in Fig. 13 . For a particular mesh and direction of wave propagation, in Fig. 7 the quadratic dependence between dimensionless wave number and percentage of higher order kinetic energy can be observed is approximately fulfilled for each of the considered elements in the interested range of percentage of higher order kinetic energy. Table 3 : Characteristic reference values for TE10 element over the range of azimuthal and polar angles.
Remark
It is clear that the harmonic acoustic waves cannot be exactly captured by a regular mesh of finite elements HE20, PE15 or TE10. This fact is a consequence of the element interpolation which is quadratic. A substitute wave field [20] or alias field [21] has been obtained in the discretized unbounded medium by performing a dispersion analysis. The alias field is yielded by collocating Eq. (20) in each node of the unit cell. The assumption of different amplitudes is introduced because the equation of equilibrium is different for each node. The analysis yields the relative wave amplitudes and the dispersion relation under which the alias field may propagate. In each element the alias field will be
where: Finally we must remark that the dispersion analysis can be alternatively performed characterizing the plane harmonic wave by the displacement potential. Obviously, in that case, we obtain the same results.
ACOUSTIC CAVITY MODES
Introduction
It is well known that the reflection of waves from boundaries or from other discontinuities creates an interference field that, if composed solely of waves of frequency equal to a natural frequency of the system, takes the form of a stationary wave field which is a natural mode of the continuum system [22] ; therefore, if a finite volume of compressible fluid is bounded by the motionless and reflecting walls of a cavity it can oscillate according to stationary waves called acoustic modes. In this section we approach the subject of the acoustic modes in three-dimensional cavities which have no analytical solution and will be solved by the finite element method.
In order to conveniently pose an algebraic eigenvalue problem, the acoustic field will be characterized by the displacement potential. Then, inserting Eq. (8) By considering the homogeneous part of Eq. (65) and assuming stationary waves, it is produced the so called generalized eigenproblem [23] ,
2 j j    , the j-eigenvalue; j ψ , the j-eigenvector. It is well known that the eigenvalue can be physically interpreted as the square of the natural frequency of the discretized fluid medium. The eigenvector and the element interpolation functions shape the finite element mode. Obviously, as the finite element mesh is refined and discretization error decreases, both the finite element eigenvalues and the finite element modes must converge to the eigenvalues and the eigenfunctions associated with the differential governing equation and its boundary conditions [24] .
The kernel of the global stiffness matrix K is of dimension 1; therefore, this matrix is positive semidefinite. The generalized eigenproblem Eq. (66) has been solved by the subspace iteration method [23] . The algorithm requires that K be nonsingular. This restriction can be met by using an eigenvalue shift [25] .
An important relation fulfilled by the eigenvectors is that of M-orthonormality, 
If the acoustic field is characterized by the displacement potential, by Eq. (8) and (16) 
Numerical research
In this section it is investigated the application of the percentage of higher order kinetic energy as an error indicator for the acoustic modes computed by the finite element method. This percentage will be evaluated by Eq. (69) and (70),
An estimation of the error for the natural frequencies and modal displacement potentials obtained with the discretized fluid domain will be presented. The reference model will be obtained by dividing each element of the actual mesh into eight elements.
The modal displacement potentials obtained with the actual model and the ones obtained with the reference model will be compared by the modal kinetic energy error Obviously, from Eq. (74) the natural frequency error is inferred. In order to investigate the behaviour of the percentage of higher order kinetic energy as a modal error indicator, the application of the standard correlation, yielded by the numerical dispersion analysis, between the percentage of higher order kinetic energy and the kinetic energy error, Eq. (60) to (62), is explored. The kinetic energy error computed by the above correlation from the percentage of higher order modal kinetic energy associated with the actual model will be called the standard modal kinetic energy error, SKEE. This standard error will be compared with the one computed by Eq. (74). Two acoustic cavities will be analyzed: a tapered cavity discretized by HE20 element, From Tables 4 and 5 , and Fig. 16 and 17 , it is observed that the standard error SKEE generally overestimates the modal kinetic energy error KEE, Eq. (74), at least in the interested range of error. Typically it is considered that a kinetic energy error around one per cent is an optimum upper bound to properly capture the acoustic modes, at least from the engineering point of view. In this case, the natural frequency error would be negligible. It can be observed that by the standard error SKEE the corresponding cutoff modal order can be properly captured. As a final remark, a one per cent of kinetic energy error roughly corresponds to six elements per wavelength for TE10 element, and between four and five elements per wavelength for HE20 element, Fig. 12 and 13 . In this case, from Tables 1 and 3 , it can be inferred that the effect of the spatial discretization over the group velocity and therefore over the wave velocity is negligible.
CONCLUSIONS
This paper studies the propagation of time-harmonic acoustic waves in fluid media discretized by energy-orthogonal finite elements. In this formulation the element stiffness matrix is split into basic and higher order components which are related to the mean and deviatoric components of the gradient of acoustic pressure, respectively. This decomposition is applied both to the stiffness matrix and to the kinetic energy of the finite element assemblage. The research is focused on the properties of the higher order kinetic energy as an error indicator.  By numerical dispersion analysis of plane harmonic waves a standard correlation between percentage of higher order kinetic energy and kinetic energy error is yielded. The above correlation is highly dependent of the considered element.
 The standard correlation is used as a reference to apply the percentage of higher order kinetic energy as an error indicator for the acoustic cavity modes computed by the finite element method. Typically it is considered that a kinetic energy error around one per cent is an optimum upper bound to properly capture the acoustic modes. The numerical research reveals that by the standard correlation the modal kinetic energy error is generally overestimated in the interested error range, and a cutoff modal order can be properly selected.
The application of the proposed procedure to more complex waves and media is subject of research. Table 5 : Estimation of the modal discretization error for a half of pyramidal cavity. 
